Finite-amplitude transient convective flow with a continuous finite bandwidth of modes in a horizontal mushy layer during the solidification of binary alloys is investigated. Under a near-eutectic approximation and in the limit of large far-field temperature, we analyse the nonlinear transient convection for values of the Rayleigh number close to its critical value by using multiple scales and perturbation techniques. Applying the combined temporal and spatial evolution approach, we determine a set of coupled time-dependent partial differential equations for the amplitude functions of the convective modes. In the transient regime, we find a wide class of solutions to these equations in the form of transient rolls and transient hexagons with down-flow or upflow at the cells' centres that eventually either reach their steady-state form or decay to zero. We also apply a criterion of stability to examine the stability of these time-dependent solutions. Among the detected solutions, there are inclined large-scale transient rolls and large-scale transient hexagons that are realizable at higher values of their amplitude. Our main results agree with the available experimental observations.
DNR, 0000-0002-5964-4500
Finite-amplitude transient convective flow with a continuous finite bandwidth of modes in a horizontal mushy layer during the solidification of binary alloys is investigated. Under a near-eutectic approximation and in the limit of large far-field temperature, we analyse the nonlinear transient convection for values of the Rayleigh number close to its critical value by using multiple scales and perturbation techniques. Applying the combined temporal and spatial evolution approach, we determine a set of coupled time-dependent partial differential equations for the amplitude functions of the convective modes. In the transient regime, we find a wide class of solutions to these equations in the form of transient rolls and transient hexagons with down-flow or upflow at the cells' centres that eventually either reach their steady-state form or decay to zero. We also apply a criterion of stability to examine the stability of these time-dependent solutions. Among the detected solutions, there are inclined large-scale transient rolls and large-scale transient hexagons that are realizable at higher values of their amplitude. Our main results agree with the available experimental observations.
Introduction
There have been a number of studies on the problem of weakly nonlinear convection in horizontal mushy layers during alloy solidification [1] [2] [3] [4] . These studies considered solutions in the form of rolls or hexagons and used a discrete modal approach to represent such solutions. However, a more wider class of such solutions can be obtained by taking into account the continuous finite bandwidth of the convective modes as was used before for thermal convective rolls [5] and in the case of thermal convection with boundary imperfection [6] ( In this study, we deal with the weakly nonlinear transient state of modal package convection instead of the discrete modal case, where a modal package refers to a local continuous band of wavenumbers centred on a discrete mode [5] . Thus, we extend the work by Anderson & Worster [2] to the case of transient state of convection with a continuous finite bandwidth of modes in a horizontal mushy layer that is cooled from below at a constant rate.
This study also deals with the modelling more realistic wave packet form of the transient solutions for the convective flow in a horizontal mushy layer by using the multiple scales approach. To the best of our knowledge, this is the first investigation of a transient regime at least in the present subject area of modal package convection during alloy solidification. We found some interesting results. Depending on the values of the parameters and initial conditions, we found that time-dependent hexagonal or rolls types of solutions of large and small scales can be realized. Among these solutions, there are those in the form of transient rolls and transient hexagons with notable larger horizontal scales that can be possible at higher values of the amplitude. In particular, for the parameter values where transient experimental data are available [7] and under a certain range of values of the initial conditions, some transient downhexagons with down-flow at the cells' centres and up-flow at the cells' boundaries can reach their steady-state form, whereas others decay to zero. These transient results about larger-scale hexagons and about the down-hexagons' transient evolution may bear some similarity with the transient experiments of Tait et al. [7] , who found initially time evolving down-hexagons with larger scales which then were slowly replaced by only up-and down-flow regimes with no apparent hexagonal cells. It should also be noted that the previous investigations of steady convection in mushy layers that used their steady results to make some comparison with the experimental observations owing to [7] were not actually proper, because these experiments were really transient experiments in nature.
Sections 2 and 3 deal with the governing system, formulation and analysis of the weakly nonlinear system. The results of the transient solutions of the amplitude equations and their stability consideration plus some comparison with available transient experimental results are presented and discussed in §4, which is followed by the conclusion in §5.
Governing system
We consider a binary alloy melt that is cooled from below and is solidified at a constant speed V 0 . Following [1, 2] , we consider a horizontal mushy layer of thickness d adjacent and above the solidification front to be physically isolated from the overlying liquid and underlying solid zones (figure 1).
The overlying liquid is assumed to have a composition C 0 > C e and temperature T ∞ > T L (C 0 ) far above the mushy layer, where C e is the eutectic composition, T L (C * ) is the liquidus temperature of the alloy and C * is the composition. It is then assumed that the horizontal mushy layer is bounded from above and below by rigid and isothermal boundaries. We consider the solidification system in a moving frame of reference o * x * y * z * , whose origin lies on the solidification front and translating at the speed V 0 with the solidification front in the positive z * -direction. The reader is referred to [2] for the motivation and justification in using [1] as the type of model for this study.
The equations for Darcy momentum, continuity, heat and solute for the flow in the mushy layer in the already described moving frame are non-dimensionalized by using
− T e as scales for velocity, length, time, pressure, solute and temperature, respectively. Here T e is the eutectic temperature, k is the thermal diffusivity, ρ is a reference (constant) density, β = β * − Γ α * , where α * and β * are the expansion coefficients for the heat and solute, respectively, and Γ is the slope of the liquidus, which is assumed to be a constant. To clarify the choice of scales defined here for the non-dimensionalization, it should be noted that the fluid velocities in the mushy layer are scaled naturally with the prescribed solidification speed V 0 , distances are scaled with the thermal-diffusion length scale, time with ratio of length scale to the velocity scale, composition with the difference between the liquid composition and the eutectic composition, temperature with the difference between the liquidus temperature, which is the liquid temperature owing to the local thermodynamic equilibrium for the mushy layer model [8] , and the eutectic temperature, and pressure is scaled accordingly to maintain the Darcy law in the momentum equation.
The non-dimensional form of the equations for Darcy momentum, continuity, temperature and solute concentration in the mushy layer are then
where u * = u * x + v * y + w * z is the volume flux per unit area, u * and v * are the horizontal components of u * in the x * -and y * -directions, respectively, x and y are unit vectors in the positive x * -and y * -directions, w * is the vertical component of u * in the z * -direction, z is a unit vector in the positive z * -direction, P * is the modified pressure, θ * is the non-dimensional form of either composition or temperature [2] , t * is the time variable, φ * is the local solid fraction, R * = β CgΠ (0)/(V 0 ν) is the Rayleigh number, Π (0) is reference value at φ * = 0 of the permeability Π (φ * ) of the porous medium, ν is the kinematic viscosity, g is acceleration owing to gravity,
is the Stefan number, C L is the specific heat per unit volume, L is the latent heat of solidification per unit volume, C r = (C s − C 0 )/ C is a concentration ratio, and C s is the composition of the solid-phase forming the dendrites. Equation (2.1d) is based on the limit of sufficiently large value of the Lewis number k/k s , where k s is the solute diffusivity. Equations (2.1a-d) are subject to the following boundary conditions
where δ = dV 0 /k is a growth Peclet number representing the dimensionless depth of the layer. Next, we consider the following rescaling in the limit of sufficiently small δ: 
where C and S are order-one quantities as δ → 0, ε is small perturbation amplitude and the quantities with subscript 'B' are the basic flow variables for the motionless state, which are a function of z only and are given below in terms of asymptotic expansions for small δ
and
where G ≡ 1 + S/C and P 0 is a constant. The scaling in (2.2a-c) was already employed in [2] , and the subsequent basic state solutions are given in (2.3a-c). Because φ is small, the following expansion for K(φ * ) is considered
where K1 and K2 are constants. For the analysis presented in §3, it was found to be convenient to use the general representation
for the divergent-free vector field u [9] , where V and Ψ are the poloidal and toroidal functions for u, respectively. By taking the vertical component of the curl of (2.1a), it can be shown that the toroidal part EΨ of u must vanish. Taking the vertical component of the double curl of (2.1a) and using (2.1b) and (2.5) in (2.1), we find the final version of the governing system 
Formulation and analysis
Here, we first carry out a weakly nonlinear analysis, based on a double-series expansions in powers of δ and ε, to determine the governing amplitude equations for the finiteamplitude solutions of the continuous finite bandwidth of modes. We first make a formal asymptotic expansion in ε and then at each order in ε make a formal asymptotic expansion in δ (0 < ε δ 1). The appropriate expansions are for the dependent variables of the perturbation system (2.6) and R for the convective flow. will be given briefly below to make this paper somewhat self-explanatory to the reader
(a) Linear problem
Upon inserting (2.4) and (3.1) into (2.6a)-(2.6e) and disregarding the nonlinear terms, we find the linear problem whose analysis is similar to that carried out by [2] for the stationary modes. Hence, no details will be provided here and, instead, the main results on the neutral boundary are given below for the present modes and the corresponding linear solutions. However, because we are interested to investigate the nonlinear transient solutions owing to the continuous finite bandwidth of the modes, we follow [5] and define new slowly varying horizontal space and time variables
where the amplitude functions of the solutions depend in general on these new variables.
At the lowest order δ 0 for the linear system given by (A 1a)-(A 1e) in appendix A, we find
where
is the horizontal position vector, subscript n takes only non-zero integer values from −N to N, N is a positive integer, and the amplitude coefficients and the horizontal wavenumber vectors a n satisfy the properties
where a 'ˆ' indicates complex conjugate. Minimizing the expression for R 00 , given in (3.3d), with respect to the wavenumber a, we find the corresponding critical values which are given below
At order δ, the system (2.6a)-(2.6e) is reduced to one given by (A 2a)-(A 2e) in appendix A. We then find the solutions V 01 , θ 01 and φ 01 for (A 2a)-(A 2e) whose expressions are very lengthy and will not be given here. The solvability condition at this order for the system of the convective flow 
The critical R c for the onset of convection, to order δ 2 , can then be written as
which for later references is the designated critical value of R at the onset of experimentally observed convection. Similar to what was determined in [2] , we found that oscillatory type convective flow will not occur at the linear stage if the following condition holds
which we assume to be satisfied hereafter in this study.
(b) Nonlinear problem at O(ε)
Next, we analyse the nonlinear problem for the governing system (2.6a)-(2.6e) at order ε. At order ε, the system (2.6a)-(2.6e) can be reduced to the form given by (A 3a)-(A 3e) in appendix A. To form the solvability conditions for the nonlinear system, we need to define the following set of special solutions of the linear system
where 'c.c.' indicates complex conjugate of the preceding expression. There is no need to consider special linear solutions for φ, because it was possible to reduce the governing nonlinear system to a form where only (3.9) will be needed to form the necessary solvability conditions. This is due to the fact that the thermal and solutal fields are decoupled to the leading order in both ε and δ. The governing equations in the order ε that will be used to form the necessary solvability conditions consist of the equation for the poloidal component of u, and the reduced temperature equation which is the equation resulted from eliminating the dependent variable for the solid fraction between the original temperature equation and the equation for the solute concentration. The solvability conditions are then obtained by multiplying the equation for the poloidal velocity in the order ε by GV 00n , the reduced temperature equation in the order ε by θ 00n , adding, applying the boundary conditions and averaging over the whole layer. This yields a set of equations, which are reduced to those given by (A 4a) in appendix A. In these equations, an angular bracket indicates the average over the layer. The system (A 4a) contains an integral expressions of the form η n η l η p , which differ from zero only if
In this study, we assume that the amplitude functions A n are all real functions, so that A −n = A n . Using the condition (3.10) in (A 4a), which can be satisfied for hexagons, we find the following expression
where the subscript (n, l, p) in (3.11) takes cyclic values of either (1, 2, 3), (2, 3, 1) or (3, 1, 2). The result given in (3.11) is satisfied in the cases of participating relatively small-scale stationary modes where the convection is in the form of a hexagonal pattern [10] , where N = 3, whereas the condition (3.10) cannot be satisfied for convection in the form of two-dimensional rolls implying R 10 = 0 for rolls. The solutions to (A 3a)-(A 3e) are given by (A 5a)-(A 5e) in appendix A. In this study and similar to the previous investigations of discrete modal flow in mushy layers [2] [3] [4] , we consider only the cases of hexagons (N = 3) and rolls (N = 1), which are the most observable cases so far. We then follow the procedure similar to the one used in [2] as well as in [3] by assuming that the parameter K1 is small in the form K1 = δK c + δεK s , (3.12) so that the transcritical bifurcation to hexagons is near the vertical bifurcation as was demonstrated in [2] for the discrete modal representation case. The advantage of this procedure as was shown in [2] is to be able to study the stability of both hexagons and rolls using the same set of governing equations for the amplitude functions A n as were defined before in (3.3a)-(3.4).
To accomplish this procedure, we also need to derive the expression of R 11 , which can be found similar to the way R 10 was obtained, by first considering the system of equations and boundary conditions in the order εδ, which is given by (A 6a)-(A 6e) in appendix A, and then applying the solvability condition to this system. The resulting equations are analogue to (A 4a) but are very lengthy and will not be given here in their general form. Again, R 11 = 0 for rolls. For hexagons, we make use of (3.10)-(3.12) and assume that sum of δR 11 and the R 10 to be zero to the lowest order in K1 according to (3.12) . We then find
and 14) where again as in (3.11), the subscripts (n, l, p) in (3.13a) have cyclic values.
(c) Nonlinear problem at O(ε 2 )
The solvability conditions for the system (2.6a)-(2.6e) at order ε 2 /δ yield
which leads to the solution
At order ε 2 , the system (2.6a)-(2.6e) can be reduced to the form given by (A 7a-f ) in appendix A. The solvability condition for the system to the order ε 2 is obtained in direct analogy to those obtained for the order-ε system. This yields one set of equations. This set of equations contains integral expressions of the form η m η l η p , which is non-zero only if (3.10) holds in the case of hexagons, and integral expressions of the form η n η m η l h p , which differ from zero only if a n + a m + a l + a p = 0. 
where the constant S 0 is defined in (3.8), differential vector operator for large-scale ∇ s is defined in (A 5c) in appendix A, and the expressions for the constants S 2 , S 3 and S 4 -S 5 are given below
(3.17d)
The expression for constant S 1 given in (3.17d) was provided in (3.13b). It can be seen from (3.17d) that the constants S 2 and S 4 -S 5 are positive, whereas the constant S3 can be either positive or negative depending on the sign and magnitude of S 1 , because K1 is positive [1] . It can be seen from the differential equations (3.17a)-(3.17c) for the amplitude functions that the continuous bandwidth of the modes have introduced new terms (third and fourth terms in the right-hand side of each equations) when compared with the analogue equations for the discrete modal case [2] . Looking back at the terms in the governing system that contribute to produce these new terms, we find that the third term in the right-hand side of each of the equations (3.17)-(3.17c) is originated first at the order ε of the governing system by the viscous, conduction and the contributed basic temperature on the nonlinear convection effects, and then such a term is formed at the order ε 2 of the governing system by the combinations of these physical effects and the compositional buoyancy. However, the fourth term in the right-hand side of each of these equations is originated first at the order ε 2 of the governing system by the combinations from the physical effects owing to viscous, conduction, compositional buoyancy and the contributed basic temperature on the nonlinear convection process. Thus, it can be seen the extra physical effects that have been brought into the governing equation (3.17a)-(3.17c) by the present assumption of slowly varying amplitudes.
Transient solutions and results
We now consider the amplitude equations (3.17a)-(3.17c) and determine the transient solutions, features and conditions for both rolls and hexagons.
(a) Transient rolls
For two-dimensional rolls, we consider solution for the rolls' amplitude in the form Here, we define b n ≡ (b nx , b ny , 0) as the wavenumber vector for the large-scale flow whose magnitude is assumed to be unique and designated by b for any n, where n = 1 in (4.1a) , B is a function of t s , and r s ≡ (x s , y s , 0). Using (4.1a) in (3.17a)-(3.17c), we find
and γ is the cosine of the angle between the two wavenumber vectors a n and b n for any n. It can be seen that f is non-negative for 1/ √ 5 ≤ |γ | ≤ 1 and negative for 0 ≤ |γ | < 1/ √ 5. Using (4.1b) and method of partial fraction, we find the solution given by
which holds under the condition
and 
(b) Transient hexagons
For three-dimensional hexagons, the equilibrium solution is obtained by setting
3 )], C n = exp(ib n · r s ), (n = 1, 2, 3), (4.3a) and use (4.3a) in (4.17a)-(4.17c). This yields
It should be noted that just as in the case of transient rolls described in §4a, the solutions for the transient hexagons can provide dependence of the amplitude B on t s as well as the sign and magnitude of B for different values of t s . Before analysing (4.3b), we consider the solutions in the form of hexagons which can be referred to as either up-hexagons or down-hexagons [10] . Here by up-hexagons we refer to hexagonal solution where the flow is upward at the cell centre and downward at the cell boundaries, and the flow is downward at the cell centre and upward at the cell boundaries in the case of down-hexagons. To determine the direction of the flow at the centre of a hexagonal cell, we need to find the sign of vertical velocity to the leading order at the centre of the cell, which we have set at the location (0, 0, z) in the layer. Using the results given in (3.3) and (4.3), we find that the direction of the flow depends on the sign of εB. Because we have taken ε > 0 in this work, then hexagonal flow is downward at the centre if B < 0 and upward if B > 0. In addition, it turns out that depending on the sign of the coefficient S3, which is given in (3.17d), hexagonaltype solutions can behave differently. For the graphs presented in figure 2 , which are all valid for γ = 1, we should note that most of these graphs are in qualitative agreement with the corresponding ones for the discrete modal case presented in [2, 3] , which were for K2 = 0, but here we provide some additional graph for non-zero K2 as is shown in figure 2 . It should be noted that for realistic permeability model [11] as well as for the physical reasoning and for other micromechanical models [1] , both K1 and K2 are non-negative constants as considered in the present figure. Clearly, as is shown in figure 2 , any non-zero value of either K1 or K2 reduces the region with negative S3 in the case of γ = 1. However, it should be stated that there are some noted differences between the results of the present figure 2 which provides regions of positive and negative values of S3 in the transient regime and the steady discrete modal results of the corresponding figures provided in these later references, which turns out that the regions of positive and negative S3 were found by a stability analysis of the steady-state solutions to be the same as regions of up-hexagons and downhexagons, respectively. Our additional calculations indicated that for a given value of K1(K2), the region for the negative values of S3 decreases with increasing K2(K1). In addition, the maximum value of S remains approximately unchanged when for a given value of K2, K1 increases from zero value, whereas for a given value of K1, the maximum value of S appears to be reduced when K2 increases from zero value.
Using (4.3b) and the method of partial fraction, we find the solutions for B for six possible cases where the associated results for each of these cases are described below. , (4.4b) F is given by (4.2e), and B 00 has the same expression as in the left-hand side of (4.4a), provided B is replaced by its initial condition B 0 . It can be seen that a > c > 0. From (4.3)-(4.4), we find that for B > 0, B increases with t s for 0 < B < a, and B decreases with increasing t s for B > a. These results then imply that B = a as t s → ∞. Hence, transient hexagons reach their steady state in the form of up-hexagons in this case, because steady-state value of B is a positive constant. For B < 0, B increases with t s for B < −c, and B decreases with increasing t s for −c < B < 0. These results then imply that B = −c as t s → ∞. Hence, additional steady-state hexagons emerge, which are downhexagons, because steady-state value of B is a negative constant. Also one note that in contrast to the steady-state case [2, 3] , here the transient state with positive S3 can lead to both up-hexagons and down-hexagons at the steady-state limit as t s → ∞.
(ii) For (S 2 R 20 + f ) > 0 and S3 < 0, we obtain the same results as in the case (i), provided a and c in (4.4a) are replaced, respectively, by c and a.
As an example to see some results for the significance and role of the large-scale transient hexagonal pattern, we consider the case (i) or (ii) described so far, even though we have found out that such results can also be determined by proper approximations for the rest of the four cases that are given in this section. We made asymptotic approximation of the relation (4.4a) for either S3 > 0 or S3 < 0 case in the limit of large 
(iii) For (S 2 R 20 + f ) < 0, S3 > 0 and e 2 ≥ 4F 2 , the solution is given in terms of the relation 5b) and B 01 has the same expression as in the left-hand side of (4.5a), provided B is replaced by its constant initial condition B 0 . It can be seen that q > r > 0. From (4.3) and (4.5), we find that for B > 0, then B increases with t for r < B < q, and B decreases with increasing t for either B > q or 0 < B < r. These results then imply that for B 0 > r, then B = q as t s → ∞, so that the transient uphexagons reach their steady-state up-hexagons in this case. However, for 0 < B 0 < r, then B = 0 as t s → ∞, so that the transient hexagons decay to zero under such range of initial conditions. For B < 0, then B increases with t s for B 0 < 0 implying B = 0 as t s → ∞, so that the transient downhexagons do not survive in their final steady state and decay to zero under such range of values of the initial condition.
(iv) For (S 2 R 20 + f ) < 0, S3 < 0 and e 2 ≥ 4F 2 , we have the solution relation of the same form as in (4.5a)-(4.5b), provided the constant e in (4.5b) is replaced by −e. So here we have r < q < 0. Using (4.3) and new version of (4.5), we find that for B < 0, then B increases with t s for either B < r or q < B < 0, whereas B decreases with increasing t s for r < B < q. These results imply that for B < q, B = r as t s → ∞, so that transient down-hexagons reach their steady-state down-hexagons as t s → ∞, whereas for q < B < 0, B = 0 as t s → ∞, so that transient down-hexagons decay to zero under such initial conditions. For B > 0, B decreases with increasing t s implying that B = 0 as t s → ∞ for B 0 > 0 and no steady state for up-hexagons survives under such range of values of the initial conditions.
(v) For (S 2 R 20 + f ) < 0, S3 > 0 and e 2 < 4F 2 , the solution is given in terms of the following relation 6) where B 02 has the same expression as the one in the left-hand side of (4.6), provided B is replaced by its initial condition B 0 . Using (4.3) and (4.6), we find that B decreases with increasing t s for B > 0, and B increases with t s for B < 0. This result implies that B = 0 as t s → ∞ and no steady-state solution in the form of either up-hexagons or down-hexagons survives in this case.
(vi) This case is the same as the case (v) but for S 3 < 0. Using (4.3) and (4.6), we find the same results as in the case (v), where both up-hexagons and down-hexagons decay to zero as t s → ∞.
(c) Stability consideration
In the last several decades, there been relatively few investigations of the stability of the timedependent flows. Drazin & Reid [12] presented some reviews of such investigations. Much earlier Shen [13] suggested a stability criterion to study the stability of time-dependent flows by imposing the condition that the relative time rate of change of ratio of kinetic energy of any disturbance to that of the time-dependent basic flow be non-positive. In the present transient flow study, we apply an application of such criterion for the stability of our base amplitude function B by imposing the following stability condition 17a)-(4.17c), (4.1a), (4.3a) , superimposing a small disturbance amplitude function C on the basic amplitude function B, applying the resulting amplitude equations for both B and C for rolls and hexagons in (4.7) and simplifying the resulting inequalities, we find the following two conditions that need to be satisfied, respectively, for stability of time-dependent rolls and hexagons: 
(d) Comparison with other studies
The only available and credible experimental results for convection in a horizontal mushy layer that, in particular, predicted horizontal planform of convection in the form of down-hexagons is that owing to Tait et al. [7] . Tait et al. [7] carried out carefully controlled solidification experiments, which were essentially transient in nature, on a water-ammonium solution in a square tank cooled slowly from below. In the early stages of their experiments, they observed hexagonal planform of convection in the mushy layer near the onset of motion. The flow structure was observed to be in the form of down-hexagonal cells in the sense that up-flow occurred mainly at the cell boundaries and down-flow at the cell centres. The cellular flow structure evolved in time as the mush thickened, and later the associated morphology of the flow structure tended to somewhat disappear and resulted in a steady increase in the cell size. Then, disintegration of structures disappeared, and only chimneys remained at the nodes of the cells. From the experiments by Tait et al. [7] , as well as the experiments by others [3, 14] , that were carried out with water-ammonium chloride solutions at a different percentage of ammonium chloride it is known that the values of the two main parameters C and S for such solutions correspond to positive values of S3. There have also been a number of theoretical discrete modal studies of weakly nonlinear steady convection in horizontal mushy layers including those notable ones by [1, 3, 4] that attempted to compare their results with the experimental observations [7] . However, the main disagreement between these theoretical results and those of the experiments has been about the preferred flow structure near the onset of motion, where those theoretical results all predicted preferred flow structure in the form of only up-hexagons corresponding to the values of C and S in the region in the plane-(C, S) with positive values for S3, whereas experimental observation gives preferred flow structure in the form of down-hexagons for the values of C and S in the plane-(C, S) with positive value for S3.
However, as can be seen from our present transient results that are based on the modal package approach, we have predicted preference of flow structure in the form of down-hexagons also in a range of values of C and S in the plane-(C, S) with positive S3, which agrees with the experimental observation. In addition, in contrast to the results of the previous discrete modal and steady investigations, we also predicted large-scale down-hexagons and cases where hexagonal solutions can disappear eventually by decaying in time to zero. So the results of our present modal package and transient study provide relatively better agreement to the available experimental results than the earlier results based on the discrete modal and steady-state studies. 
Conclusion
We investigated the transient problem of weakly nonlinear modal package convection in horizontal mushy layers during the solidification of binary alloys. We determined the equations for the amplitude functions for rolls and hexagons, and a rather large number of realizable solutions for rolls, up-hexagons and down-hexagons were found whose horizontal scales were a combination of both small and large scales. Some of these realizable solutions are found to have possible large scales whose amplitudes can increase with time and some solutions could decay to zero eventually. Our results about the preference of down-hexagonal-type solutions in a particular range of values of the parameters and about such solutions with large horizontal scales as well as the possibility of decaying some down-hexagonal solutions can bear some agreement and similarities with the experimental observation [7] . So this study was successful in making some improvement between the present theoretical results and those of such experiments.
A large number of detected transient rolls and hexagons with different orientations and length scales in this study, which were based on a continuous modal approach as contrast to the discrete modal approach, can, in general, correspond to the more observed flow structures that exhibit less regular patterns [15] . It should be noted that this study, which aimed at determining more realistic solutions of flow structures near the onset of plume convection by taking into account continuous band of modes as a result of our nonlinear development of wave packets for rolls and hexagons, can provide us useful information and understanding about the transient processes, flow structures and features that can have important roles to initiate chimney formation in the mushy layer. Such information and understanding can be important for more accurate design of manufacturing process for the alloy solidification in industrial casting without freckles. Freckles are highly undesirable defects that result from the presence of chimney convection and can affect negatively the properties of the solidified alloy. The formation of chimneys, which are narrow and mainly vertical channels containing lighter upward compositional buoyant flow in the mushy layer, is a consequence of natural convection in the mushy layer. Another important accomplishment of this study when compared with the previous steady-state studies has been to make some relative improvement for the comparison between the experimental results and the theoretical results near the onset of motion.
Just as it is important to investigate the convective flow features for the case where chimneys are already developed in a fully developed mushy layer, it is equally important to investigate the transient flow features and structures near the onset of motion prior to chimney formation in a mushy layer, such as this study, which can provide information that could be used for future flow control about preventing freckle initiation on the solidified materials.
In this study, we restricted our transient investigation to those continuous modes that can be the cellular type and, thus, periodic in the horizontal direction. An extension of this study that we will leave to a near-future contribution is to take into account more general types of quasi-periodic or non-periodic continuous mode. Such solutions can be possible and some of which could be stable as well under certain conditions as was shown before in the case of thermal convection in a layer with boundary imperfections [6] . Such type of investigation could also shed some more light to the additional experimental observations by Tait et al. [7] and can increase our understanding of the convective flow in a mushy layer and the mechanism for chimney formation and initiation of the convective plume in such a system. It is also hoped that some future numerical studies of the fully two-layer system [11] at much wider ranges of values of the Rayleigh number and for timedependent or transient state could be carried out to complement and extend the present theory, which could lead to further understanding of the flow features in mushy layers of importance in the practical applications as well as to stimulate the future experimental studies.
Finally, it should be noted that the present theory makes use of slow time and horizontal length scales to model the wave packet form of the non-discrete modes. However, to take into account more realistic features of the mushy layer system, such as non-constant solidification rate and time-dependent layer thickness, requires development of a more general theory in The system of equations and boundary conditions at order εδ is given below 
